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ABSTRACT

This article provides an original method for simulating the spread of hazardous emissions in the atmospheric surface layer in the event of emergencies The modeling process implies the development of a mathematical tool
based on the partial differential equation (PDE) of turbulent diffusion. It is
also based on a steady-state equation for determining the contaminant
dispersion during an emergency with regard to the elapsed dispersion time,
volumetric nature of the contamination source, wind speed. The model
allows studying the changes in air composition that have occurred under
various meteorological (wind speed and direction, temperature, fogs, precipitation, dust winds) and anthropogenous factors. An attempt was made
to calculate the probable contamination area around the arbitrary system of
sources with high contaminant concentration under unfavorable weather
conditions. The original method for calculating the movement and dispersion of emissions allows forecasting the contaminant concentration level in
the two-meter layer above the ground and the vertical concentration distribution with regard to the landscape, identified according to the meteorological data. Our model can be easily scaled on any territory; the entire line
of complex landscape features was taken into account by introducing a
model of weather statistics for the research region.
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Introduction
Natural resources development, industrial construction, and city development entail air pollution
(Fritz et al. 2015). Contaminants may be transferred over great distances and reach a specific region
from far-away sources (Rosu, Constantin, and Georgescu 2016). Depending on its thermodynamic
state, the atmosphere may either dilute the contaminants or accumulate them in lower layers, where
the human activity is being performed (Aidosov et al. 2015). Therefore, meteorological aspects are of
considerable practical importance when studying the behavior of contaminants in the atmospheric
surface layer. The environmental impact of pollution may only be assessed reliably when the pattern
of its spread is known.
Researchers studying the environmental effect of industrial disasters analyze the spread and effect
of various chemical substances (gases, radionuclides, pesticides, heavy metals, etc.), as well as the
various technologies applied to remove them from the atmosphere (Huimin et al. 2012; Lauenstein,
Leung, and Hall-Spencer 2015). Models illustrating the spread of hazardous substances in the
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atmosphere are built to analyze the occurrence risk and probable aftermath of chemical disasters
(Benchekroun and Chaudhuri 2014; Lee et al. 2014). There are researches (Late et al. 2016; Leuken
et al. 2016) providing various classifications for the models of a spread of hazardous substance in the
atmosphere. Problems related to the assessment of risks caused by industrial accidents are covered in
(Aidosov et al. 2015; Kuzmanović et al. 2016; Zhao and Pei 2012).
Predicting gas dispersion and estimating source terms in atmosphere are required in many fields.
There are few papers analyzing the stationary states, in particular – emission dispersion is determined by means of mathematical models that are based on fractional derivatives (Goulart et al.
2017). In cases, when one has to forecast the gas concentration distribution and/or assess the gas
dispersion source, the following methods are applied: artificial neural network (ANN), particle
swarm optimization (PSO), expectation maximization (EM (Sihang et al. 2018; Wang, Chen, and
Zhao 2015)) machine learning algorithms (MLA), models, combined with thee Gaussian model
(Denglong and Zhang 2016), computational fluid dynamics (Brzezinska et al. 2017).
In this paper, we have developed a method, based on the partial differential equation of turbulent
diffusion, for determining the spread of contaminants in the atmospheric surface layer.
The offered stochastic model is intended for solving problems of environmental safety assessment
in the following cases: when there are several pollution sources available; when there are environmental disasters, caused by natural phenomena or human activity; and when the elapsed dispersion
time and wind speed are known. This method was tested around the Tengiz oil field. This method,
unlike another model available in the literature, takes into account the entire line of complex
landscape features by introducing a model of weather statistics for the research region. This allows
putting it into application to study any scaled territory.
2. Modeling of the transfer and dispersion of hazardous emissions in the atmosphere
Our model was built with regard to the previously developed algorithms, the computational
method (Aidosov et al. 2015) and the theory of partial differential equations (Goulart et al. 2017).
The model takes into account the wind factor and unfavorable weather conditions.
The simulation process included the following stages:
1) modeling the transfer and dispersion of hazardous substances in the atmospheric surface layer
and simulating the probable contamination pattern around the arbitrary contamination sources;
2) modeling the transfer and dispersion of hazardous substances in the atmospheric surface layer
and simulating the probable contamination pattern around the environmental disasters caused by
natural phenomena or human activity;
3) stochastic modeling of dispersion;
4) modeling the spread of active contaminants in the atmospheric surface layer;
5) analyzing the air condition with regard to the natural and anthropogenous factors.
The following analytical solution is intended for the algorithm building (Wilson and Sawford
1996):
qðx; y; zÞ ¼

uy2
uðzþHÞ2
uðzHÞ2
M

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ e 4ky x ½e 4k2 x þ e 4kz x 
4πx ky kx

(1)

The following steady-state equation (Kienle and Patterson 1997; Wilson and Sawford 1996) is
determined for calculating the contamination pattern around one source:
υ

@q
@q
@q
@ @q @ @q @ @q
þ# þw
¼ kx
þ ky þ kz
 αq:
@x
@y
@z @x @x @y @y @z @z

(2)

where: q – contaminant concentration; M – area source capacity; υ, v, w – wind speed constituents
along the axes (Cartesian plane); x, y, z, kx, ky, kz – exchange coefficient constituents; α –
contaminant concentration coefficient.
Equation (2) was determined, according to the traditional forms of word shortening: wind
direction is indicated on the x-axis
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w ¼ 0; α ¼ 0; kx ¼ 0; kii ¼ ki ði ¼ x; y; zÞ

(3)

at the following boundary conditions (Diethelm 2010):
uq ¼ Mδð yÞδðz  H Þ at x ¼ 0; q ! 0; at z ¼ 1; q ! 0; at j yj ¼ 1; kz

dq
¼ 0 at z ¼ 0
dz

Contamination process accelerates at the first phase of spread due to overheating. The real contamination source of the true height H was replaced with a higher fictitious source of height He in
order to cover the acceleration effect:


1:5w0 R0
3:3gR0 ΔT
2:5 þ
(4)
He ¼ H þ
Tα u2
u
where: w0 – initial velocity of gas discharge; R0 –chimney mouth radius; ΔT = T – Ta – overheated
gas temperature; Ta – absolute air temperature; g – gravitational acceleration.
Based on the differential calculus and computer algebra, a correction was made for ΔH limiting
the plume rise at the zero wind speed (this corresponds with the physical significance of the
problem) and not disrupting the monotony of the analytical solution (1) in regards to the speed
module when H is replaced with He.
If we take the contaminant concentration are around an arbitrary system of sources as a superposition (1) of contamination areas around each source, we can calculate the critical wind speed
module for a specified contamination level at each point of wind direction. In the light of the
monotony of (1), dangerous concentrations may appear at any wind speed if its module does not
exceed the established critical value.
If we accept the hypothesis regarding the normal distribution of the wind speed vector under the
specified critical speed module, we can assess the probability of exceeding the set contamination level
for the specified period at each distribution point under any wind condition by integrating a twodimensional function of probability density. The angle may be integrated with any set accuracy. This
approach allows calculating the contamination frequency fields in cases, when contaminant concentration is higher than any set value, as well as drawing the frequency contours. The solution
involves only those sources that will contribute to the aggregate concentration at specified points.
Contaminant transfer and dispersion modeling was considered for two cases: short-term emission
from a factory chimney and a thermal explosion of stored chemical substances. The model includes a
partial differential equation (PDE) of turbulent diffusion, characterized by a partial derivative of
concentration in time (Goulart et al. 2017):
@C
@C
@2C @2C
þv
¼ DT ð 2 þ 2 Þ þ ϕ;
@τ
@x
@y
@z

(5)

where: C – contaminant concentration in 1 m3 of air; τ – time passed from the beginning of
emission, v – wind speed; DT – turbulent diffusion coefficient; φ – emission source function.
If we assume the contamination source to be semi-Gaussian, it will be described by the following
equation:


j0
τ
x
y2
z
ϕ ¼ exp  
  ki
(6)
τ 0 2R0 R20
l2
ρ
where: J0 – bulk density of the first mass contaminant release, kg/(m· s), R0 – chimney radius (or
max cloud radius after the explosion), m; ρ – air density after contaminant release, kg/l, τ0 –
contaminant concentration coefficient (or cloud thickness coefficient), l2 – chimney height (or the
cloud height above the ground) (Figure 1).
Equation (1) is supplemented with initial and boundary conditions:
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Figure 1. Basic dispersion model data: (a) emission from a chimney; (b) explosion.

Cjt¼0 ¼ 0; Cjx¼0 ¼ 0;




@C
@C
@C
¼
¼
0;
¼ 0; Cjz¼l2 ¼ 0;
@y y¼0 @y y¼l
@z z¼l

(7)

Where: l is the half-width of the wind layer.
At conditions (6) and (7), Equation (5) was solved by applying the Fourier integral transforms (to
exclude the t variable) and the theory of complex variable functions.
For the sake of convenience, the final equation for estimating the concentration of the contaminant in the air is the following sum:
C ¼ C1 þ C2 ;
Where:



Bk
DT λ2 kmx
C1 ¼ A

 expðx  τÞ þ exp 
1 þ αkm
v
k;m¼1




 expðjβjÞ if β < 0 
μk
ηm


y cos
z ;
 
 cos
l
l2
expðjβjÞαkm if β  0 
X
B
1k; m ¼ n

C2 ¼ A
1 þ αkm


 

 expðβÞ expðαkm βÞif β < 0 
DT λ2 kmx

 
 
  expðxÞ½expðτ Þ  expðαkm τ Þ  exp 

v
0 if β  0

 

μ
η
 cos k y cos m z :
l1
l2
(8)
n
X

1

M ¼ ò ò jV dVdτ:
0 V

(9)

The calculated data allows determining the max contamination time and place. This is especially
important when it comes to damage control and recovery after accidents, including timely protection
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of people and pets against the hazardous impact of contaminants and the environmental
reconstruction.
Unlike the deterministic models applied to solve the contaminant dispersion problems and based
on the causal relationship description, the offered model is based on the assumption that the future
does not depend on the past. This assumption does not contradict the physical model; it implies that
the considered object depends on the circumstances.
In our research, cloud model may be described as follows. At some air-filled point in space, there
is forming a sphere-shaped moving mass of smoke, which contains a certain amount of contaminants. Starting at a certain (initial) moment in time, this cloud will move in a field of homogenous
and steady turbulence. Contaminant distribution in the cloud that moves in a homogenous and
isotropic atmosphere corresponds with the Gauss’s law (Moody and Paik 1993):


G
r2
exp

(10)
c¼
2σ 2 ðtÞ
2  x  σ 2 ðtÞ
where: G –emission source capacity, σ(t) – standard deviation of contaminant particles in the cloud, t
– time passed from the beginning of the process;
r ¼ x2 þ z2  0; 5;

(11)

where: x and z – coordinates (with an origin at the cloud center).
If we consider the contaminant cloud as a substance carrier, we should determine its geometrical
configuration via the effective radius. In this case, the cloud is a horizontally equivalent circle with
radius r. Its visible boundary should be characterized by an extreme concentration value Ci, which is
equal for all points along the boundary r or r(t).
According to the Geometrical Probabilities, there is another solution for a sphere with an r radius
in a two-dimensional space:
a2 ðtÞ ¼ r2 ðtÞ=4;
since boundary values for all visible points are accepted as equal, then



1
r2
2π  σ 2 ðt Þ exp  2
¼ const:
2σ ðtÞ
If we differentiate this expression in time, we will get the following:


dðr2 Þ=dt ¼ ðdðσ 2 Þ=dtÞ  r2  2σ 2 =σ 2 ;

(12)

(13)

(14)

which becomes zero at r2 = 2σ2 (for a one-dimensional space).
The first part of the solution requires finding the probability P for a random point K falling into
the plane domain S:
ðð
(15)
P ¼ ϕðÞdd:
S

The second part of the solution is related to the grid coverage problem, when the area consists of all
points with integer coordinates. The probability of any point being covered at least by one circle
within the largest unit square (grid element) is as follows:


1þ4r
:
(16)
l
1 þ 4  r þ π2
If we calculate the volume of hazardous substances released into the atmosphere with regard to each
substance, the following condition will repeat:
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(17)

where: Csc.j – deposition coefficient (substance j concentration after falling), Cb.j –background
concentration, TLV - threshold limit value.

Research object
The research model was selected to be the Tengiz oil field – an oil field located in northwestern
Kazakhstan’s low-lying wetlands along the northeast shores of the Caspian Sea. Research results were
analyzed using the monitoring data published by the Kazgidromet Centre for Research and
Development in 2016 (Republican state enterprise “Kazgidromet” under The Ministry of Energy
of the Republic of Kazakhstan, 2016).

Results and discussion
The peculiarities of emission spread from several sources were studied with regard to weather
conditions and wind direction. Different meteorological conditions were set with the following
parameters: ū, v – average wind speed constituents by month along the axes (Cartesian plane); x´,
0y´, σu, and σv – are respective standard deviations; r – correlation coefficient; T –average air
temperature (°C). The estimations were made in relation to sources with equal parameters:
M = 1.4 kg/s, R0 = 2 m, w0 = 22 m/s, H = 100 m, ΔT = 100°C. However, the introduced method
can be also applied in relation to the sources with different parameters. All simulations are based on
the same average wind value. A point placed on each image stands for pollution sources. The 0.1
probability corresponds to 72 h.
In simulation 1, there is only one active source with the following parameters: T = −16°C;
ū = −0.57 m/s; v = −0.58 m/s; σv = 1.3 m/s; r = 0.14. The zero contour outlines the area
(Figure 2a), where the probability of contamination level being higher than it is accepted is close
to 0. Contour 1 outlines the area, where high contaminant concentration remains at least for 108 h
per month. Simulation 2 is similar to the simulation 1 but is based on other parameters: σu = 1 m/s,
σv = 6 m/s. Since the range of v values is wide, there are two areas with the highest level of pollution
at the max elapsed dispersion duration – 391 h and 336 h (Figure 2b). Simulations with a single
source show that areas with dangerous concentrations in certain meteorological situations may occur
only in the direction of the dominant wind. In simulation 3, there are six active sources; the situation

Figure 2. Probable area of contamination from a single active source at (а) T = −16°C; ū = −0.57 m/s; v = −0.58 m/s; σv = 1.3 m/s;
r = 0.14; (b) T = −16°C; ū = −0.57 m/s; v = −0.58 m/s; σu = 1 m/s, σv = 6 m/s; r = 0.14. ū, v – average wind speed constituents by
month along the axes (Cartesian plane).
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Figure 3. Probable area of contamination from (а) 6 sources, (b) 6 sources, two thereof are located at some distance (с) sources
located irregularly. ū, v – average wind speed constituents by month along the axes (Cartesian plane).

Figure 4. Dependency on wind speed.

is similar to the simulation 1. Sources are located near one another (Figure 3a). Thus, general
pollution pattern is similar to that we calculated for the case with one source (Figure 2b). In
simulation 4, six sources (Figure 3b) are placed at the apexes of a regular hexagon. They are located
at such a distance from each other that contamination areas around them do not overlap. The
superposition of dangerous areas covers a vast area (zero contour).
At the wind speed of 20 m/s, hazardous substances can spread at a distance four times greater
than at v = 5 m/s. Thus, contamination level will be four times lower (from 5.15 · 10−7 at v = 5 m/s to
1.44 · 10−7 at v = 20 m/s). The ground level of contamination and the location of maxima largely
depend on the chimney height (Figure 4). If we accept the chimney height to be two times higher
(200 m instead of 100 m), max contaminant concentration at the ground level will be reduced by
seven times. At the same time, the distance of emission spread from the chimney will be increased by
four times. Similar results were obtained by the turbulent-diffusion equations solved to analyze the
SO2 concentration profile by time (Chen et al. 2017; Ebrahimzadeh and Shahsavand 2014).
The estimated model parameters are in Table 1. Basic data: elapsed dispersion time is 50, 100, and
150 s, respectively; cloud (R ≈ 120 m) is entering the S area of 48.000 m2; average wind speeds are:
Uav = 1.0 m/s (α = 0.1) and Uav = 2.0 m/s (α = 0.25); the initial contaminant concentration – C0. For
 ¼ 0:1; ðU 0 Þ2 ¼ 0:01; According to (10); σ 2 ðtÞ ¼ 0:01502 ¼ 25m2 ; σ ðtÞ ¼
Uav ¼ 1:0m=cuu ¼ 50s; U
5m: Based on (8), the value of contaminant concentration at the cloud center (r(t) = 0) is found by
the following formula:

ENERGY SOURCES, PART A: RECOVERY, UTILIZATION, AND ENVIRONMENTAL EFFECTS

2839

Table 1. Data for the stochastic model of contaminant dispersion.
Uav = 1.0 m/s, Ū = 0.1
Estimated model parameters
1. Wind gustiness, α
2. L distance to the area contour, m
3. Contaminant dispersion
4. Squared error, σ(t)
5. Effective cloud radius, r(t)
6. Contaminant concentration at the cloud center, C
7. Concentration at the cloud border, C
8. Probability of a cloud entering this contour, (P)
9. Coverage percentage (P2)
10. Probable concentration in the contour (P1*P2)

t = 50s
0.1
50
25
5
10
0.0064
0.00087
1
0.88
0.88

T = 100s
0.1
100
100
10
20
0.0016
0.0002
1
0.94
0.94

t = 150s
0.1
150
225
15
30
0.0007
0.000096
1
0.96
0.96

Uav = 2.0 m/s, Ū = 0.5
t = 50s
0.25
100
625
25
50
0.00025
0.00064
0.7533
0.975
0.734

t = 100s
0.25
200
2500
50
100
0.00006
0.000009
0.039
0.987
0.039



C0
0
¼ 0:0064
exp 
C1 ¼
2  25
2  π  25

t = 150s
0.25
300
5625
75
150
0.00003
0.000004
0.0047
0.992
0.005

(18)

Let’s consider the two-dimensional spread of a substance (aerosol) in the atmospheric lower layer,
where the chain of its transformation from one chemical state to another consists of three links,
according to the Michaelis-Menten theory (Bezerra, Pinto, and Fraga 2016). Let’s assume that the
free chemical substance and air first produce an air mixture (compound) in a reversible reaction,
which in turn irreversibly disintegrates and again forms a free chemical substance and a product.
Schematically, this reaction can be represented as follows:
k1

S þ E!

k2

k1

SE ! P þ E;

(19)

where: S, E, SE, P are the substrate (air), chemical substance, air mixture, and product, respectively;
k1, k−1 is the rate of the forward and backward reactions; k2 is the rate of the mixture disintegration
reaction.
Only the number of reagents that actually participate in the reaction are considered as the active
reagents. If the concentration of the substrate, chemical substance, mixture, and a product are
denoted by s, e, se, and p, respectively, then, according to the law of mass action,
ds
de
dc
dp
¼ k1 se þ k1 c; ¼ k1 se þ ðk1 þ k1 Þc; ¼ k1 se  ðk1 þ k1 Þc; ¼ k2 c
dt
dt
dt
dt

(20)

The Equation (20) system can be expressed with regard to diffusion, description whereof is based on
the balance of the reagent φ:
@ϕ
@2
@2
¼ f þ Dð 2 þ 2 Þ;
@t
@x
@y

(21)

Where: D – diffusion coefficient.
Let us consider a two-dimensional layer of the air mixture with a unit thickness, wherein the
chemical substance undergoes the process of diffusion. The air diffusion and reagent diffusion
coefficients shall be denoted by Dr and Df, respectively. The balance equations for the concentration
of air, reagent, and air-reagent mixture are as follows:
dCf
dC
¼ f þ Dr ΔC;
¼ f þ Df ΔCf
dt
dt

(22)

dCr
@2
@2
¼ f þ Dr ΔCr ðΔ ¼ 2 þ 2 Þ
dt
@x
@y

(23)
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where: Cr, Cf – reagent and air-reagent mix concentration. Equation (20) can be simplified with the
following function (k2 = 0):
f ¼ k1 Cf C  k1 Cr

(24)

If we take into account the contaminant transfer by air in OX and OY directions with the u and v
speeds, respectively, then
@C
@C
@C
@t þ u @x þ v @y þ f
@Cr
@Cr
@Cr
@t þ u @x þ v @y þ

¼ Dr ΔC;

@Cf
@t

f ¼ Df ΔCr

þu

@Cf
@x

þv

@Cf
@y

 f ¼ Df ΔCf ;

(25)

The Equation (25) describes the spread of the active substance with regard to diffusion, the chemical
reaction and its transfer by air.
Unlike the model (Benchekroun and Chaudhuri 2014; Sarkkola et al. 2009; Shunxiang et al. 2015),
our model takes into account several contamination sources and the landscape features. Thus, it
allows forecasting the pollution level at the specified area if the elapsed dispersion time and wind
speed are known.
Research results confirm the conclusion made by the Kazgidromet Centre for Research and
Development – ground level concentrations of nitrogen dioxide, hydrogen sulfide and sulfur
dioxide are rising insignificantly around the Tengiz Oil Field. Dispersion assessment has revealed
that the highest contamination level can be recorded in the area with the released nitrogen
dioxide.

Conclusion
This article provides a model of contaminant transfer and dispersion in the atmospheric surface
layer, as well as a method for calculating the probable contamination area around the arbitrary
system of contamination sources. The introduced model takes into account several contamination
sources and the landscape features; thus, it allows forecasting the pollution level at the specified area
if the elapsed dispersion time and meteorological (wind speed and direction, temperature, fogs,
precipitation, dust winds) factors are known. The introduced method is intended for calculating the
contaminant concentrations in a two-meter layer above the ground, as well as the vertical concentration distribution.
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