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Abstract
According to actual data, the developed mathematical models and computational schemes of pollut-
ants transfer give the opportunity to speak about rather realistic forecasts of trajectories of impurity 
transfer in the specified regions as well as about values of impurity concentration in the atmosphere. 
Program of model implementation and the initial data organization make it possible to modify easily 
model settings, to select any region, number of points of integration grid, number of levels, coordi-
nates of emissions sources, etc. The developed software tools can be used for numerical forecasting 
experiments when modeling impurity transfer in the atmosphere from the field of sources with vari-
ous intensity and density of polluting substances.
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It is known that distribution of polluting substanc-

es in the atmosphere is described by the three-dimen-
sional equation of mass conservation [1-5]:
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, 	 (1)

where q  – volume concentration of impurity; u, v, 
w  – wind speed components variables in space and 
time; gv  – gravity sedimentation rate; SK , zK  – co-
efficients of horizontal and vertical diffusion; IS – the 
field of sources (instant or continuous) emissions per-
forming the function of spaces and time.

Horizontal components of wind speed u, v were 
input parameters of model and were defined by the 
objective analysis. The vertical component of wind 
speed w was determined from the continuity equa-
tion:
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Rate of gravity sedimentation was described by 
Stocks’ law and was determined for particles with ra-
dius r of 10 microns as follows:

	 gv =1,26* 510− *ρ * 2r ,	  (3)

where ρ  – density of polluting substances; r – par-
ticles radius.

The equation (1) was solved under the following 
initial and boundary conditions:

	 q(x, y, z, 0)= bq (x, y, z),	  (4)

where bq (x, y, z) – background value of volume con-
centration of impurity for the first days of calculation:

	 q(x, y, z, 0)= 0q (x, y, z),	 (5)

where 0q (x, y, z) – the volume concentration of im-
purity formed during the previous day.

In the upper boundary of field (N = 5 km) zero 
concentration is set:

	 q(x, y, z, H) = 0	  (6)

In the lower boundary (underlying surface), con-
ditions of full absorption at the previous step of time 
are set and full (turbulent and advective) impurity 
stream to the underlying surface at the estimated step 
of time is calculated: 

q(x, y, 0, t- ∆ t)=0;
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Also statement of boundary conditions of the third 
kind is considered:
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where β  – empirical constant determining absorption 
of impurity of underlying surface.

Condition (7) is for heavy impurity with higher 
speed gravitational subsidence, condition (8) is for 
light impurity.

Moreover, it takes into account turbulent raising 
of impurity that allows considering underlying sur-
face as the field of secondary sources and calculating 
secondary transfer of pollutant. Side boundary condi-
tions were of the following form:

- in the field of inward flow: q=0;
- in the field of flowing out
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Distribution of impurity under the conditions of 
complex relief and plain surface will significantly dif-
fer because of deformation of stream with hindranc-
es. In the case of relief, the system (1)-(9) should be 
solved in the field with curved boundary. The con-
crete form of field in case of rigid horizontal wall at 
height N will be determined by the function describ-
ing relief form SZ (x, y). In order to avoid the diffi-
culties connected with numerical integration in cur-
vilinear field, usually it is necessary to pass to new 
coordinates where the computational region becomes 
rectilinear. The transformation meeting the following 
conditions was selected: transformation is reversible; 
identical at SZ =0 and SZ =Н; has continuous second 
derivatives; keeps error of approximation of the order 
as in Cartesian coordinate system that is reached by 
proximity of its determinant to 1. 

Boundary and initial conditions for the solution of 
this equation are selected identical as for model above 
uniform surface.

In the model convective motions are estimated; 
they are caused by unevenness of heating of underly-
ing surface (heat sink temperature) and unevenness of 
temperature in surface layer (heat island above heat 
sink):
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where α  – empirical constant; vT  – virtual temper-
ature; vT   – average virtual temperature by the area; 

MAγ  – moist-adiabatic gradient of temperature; Z∆  – 
layer thickness.

In the suggested model, the finite-difference meth-
od well-proven in many numerical models of impu-
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rity transfer [6-9] has been selected for the numerical 
solution of equations system (1)-(9). At that, differen-
tial equations describing an initial task were approxi-
mated by the finite-difference scheme:
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iS  – the members of the equation describing sources; 
t∆  – step of time.

The scheme (11) is the two-layer differential 
scheme with the splitting operator and has the second 
order of accuracy of time and is absolutely steady.

At implementation of the differential scheme (11), 
the solution was found not for the function ϕ  at the 
step g+1, but for its transformation for step of time 1 1
щ щ щ
+ +ε = ϕ −ϕ . This method of implementation has 

allowed getting rid of approximation of mixed de-
rivatives. The implementation of the scheme in each 
spatial direction was performed by double-sweep 
method.

Approximation of advective operators of transfer 
equation is the main difficulty which appears at for-
mulation of differential task. Problem is that in case 
of solution of the equation for positive definite func-
tions, the finite-difference scheme must meet the fol-
lowing basic requirements:

- to possess small countable viscosity, that is 
to have an approximation order of time and space, 
which is not below the second one;

- to be monotonous, that is not to generate non-
physical and negative values;

- to be conservative, that is to satisfy the equation 
of mass preservation in the specified volume;

- to have a small phase error, that is to transfer the 
maximum values of function and its gradients with 
the specified speed.

The program is implemented by the computer.
As it was already mentioned, tests results of the 

numerical scheme used for approximation of the dif-
ferential equation of impurity transfer and boundary 
conditions for this equation are stated in the second 
section in detail. In this section, test experiments, 
which have been conducted for correctness proof of 
model, will be described.

From the data file of synoptic and aerological 
observations, pressure, temperature, dew points and 
components of wind speed were selected and then in-
terpolated into points of the set grid (U, V). The cal-
culation area was 30х30 km, with a step of grid ∆
х= ∆ y=1 km in horizontal direction and 5 km with 
variable step in vertical direction. Then, the vertical 

speed component W was calculated from the equa-
tion of continuity. Five continuous sources discharg-
ing the polluting substances were set. Coordinates of 
sources corresponded to the following points of grid:

- first source: 	 i=4,	 j=4,	 k=3;
- second source: 	 i=8,	 j=4,	 k=2;
- third source: 	 i=6,	 j=16,	 k=2;
- fourth source: 	 i=16,	 j=6,	 k=2;
- fifth source: 	 i=10,	 j=10,	 k=3.
Amount of the discharged impurity is 0.5; 1.0; 1.0; 

0.5; 1.0 g/s respectively. Effective height of emissions 
was 100 m that corresponded to the third level of 
model (k=3). On the sixtieth step of time (in 6 hours) 
on the fifth source, an abnormal emission emerged 
when for one step of time (360 sec) 104 g of the pol-
luting substances were discharged. Effective height 
of abnormal emission was190 m; that corresponded 
to the fourth level of model (k=4). Further, under the 
influence of wind field, horizontal and vertical diffu-
sion, the polluting substances were distributed and 
discharged to the underlying surface generally due to 
their gravitational and turbulent subsidence. 

Every other day, the fields were printed out:
- impurity (g) dropped out to the underlying sur-

face;
- impurity (g) which has remained in air at 40, 

100, 190, 350 m respectively.
The field of impurity was given also in the form of 

isolines for demonstrativeness and conveniences of 
analysis. Also for control the following values were 
given: sums of discharger pollutants (g); sums of im-
purity (g) dropped out to the underlying surface; sums 
of the substances (g) which have remained in the at-
mosphere and the ratio of dropped out to discharged 
sources of polluting substances in percentage terms. 

In Figures 1 and 2, isolines of density  
(µg/m2 *day) of dropping out aerosol impurity with 
a density of ρ =1 g/sm3 and with radius of 1 micron 
from five sources described above in a day are pre-
sented.

According to actual data, results of numerical ex-
periments on the computer with model of pollutants 
transfer give the opportunity to speak about rather re-
alistic forecasts of trajectories of impurity transfer in 
the specified regions as well as about values of impu-
rity concentration in the atmosphere.

Program of model implementation and the initial 
data organization make it possible to modify easily 
model settings, to select any region in the territory of 
the Northern hemisphere, number of points of inte-
gration grid, number of levels, coordinates of emis-
sions sources, etc. The developed software tools can 
be used for numerical forecasting experiments when 
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modeling impurity transfer in the atmosphere from 
the field of sources with various intensity and density 
of polluting substances.
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Figure 2. Isolines of density of dropping out (µg/m2 *day)Figure 1. Distribution of impurity of one source


